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This paper is mainly devoted to the study of permanence and existence of
positive periodic solutions of n-species competition reaction]diffusion systems with
spatial inhomogeneity, which are defined on a bounded domain and subjected to
Neumann boundary conditions. We first discuss in detail the single-species periodic
reaction]diffusion equations. Then by using comparison and maximum principle
arguments, we get the sufficient conditions in terms of the principal eigenvalue of
periodic-parabolic problem for the n-species competition reaction]diffusion sys-
tems to be permanent. We further show by using the Schauder fixed point theorem
that under the same condition the system admits at least one positive periodic
solution. The special case of Lotka]Volterra systems with diffusion and periodic
coefficients is also discussed. Q 1996 Academic Press, Inc.
1. INTRODUCTION
It is well known that the long-term coexistence problem of species is a
 w x w xbasic one in population dynamics see 10 and 12 and the references
. therein . Here we study the permanence, i.e., the non-extinction uniform
.  .persistence and non-explosion dissipation , and positive periodic solu-
tions of the n-species competition reaction]diffusion systems. Since the
populations often live in a temporally periodic environment with spatial
variations we consider the following model
­ ui  .  .  .s d t Du q u F t, x, u , . . . , u , t ) 0, x g V 1.1i i i i 1 n­ t
­ ui  .s 0, t ) 0, x g ­ V 1.2
­ ¨
 .  .  .u 0, x s u x , x g V, 1.3i i0
 .where 1 F i F n and u t, x is the density of the ith species at thei
position x in space and at time t. Here V ; R N is a bounded domain with
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smooth boundary, ­r­ ¨ denotes differentiation along the outward normal
 .to ­ V, and D is the Laplacian. A zero Neumann condition 1.2 is imposed
and represents the condition of no migration across the spatial boundary.
 .  .We assume that d t and F t, x, u , . . . , u are periodic in t with com-i i 1 n
mon period, and that F depends explicitly on the spatial variable x. Fori
zero Neumann boundary conditions, we will adopt the following definition
of permanence.
 .  .DEFINITION 1.1. The system 1.1 ] 1.3 is said to be permanent if there
 .exist h, M with 0 - h F M - q` such that for any u x s0
  .  ..  .  .  . u x , . . . , u x with u x G 0 x g V and u x k 0 i s10 n0 i0 i0
.  .1, 2, . . . , n , there is a T s T u such that0 0 0
h F u t , x F M i s 1, 2, . . . , n , t G T , x g V . .  .i 0
For the corresponding n-species competition systems of ordinary differ-
ential equations, the permanence and the existence of positive periodic
w x w xsolution were studied in 13 and 14 , and it is also clear that the
 w x.permanence implies the existence of a positive periodic solution see 13 .
w xIn 16 , the authors studied the permanence for 2-species Kolmogrov
periodic competition models with diffusion and spatial homogeneity, i.e., Fi
 .is independent of x i s 1, 2 . In this paper, we study both permanence
and the existence of positive periodic solutions of n-species Kolmogrov
periodic competition reaction]diffusion systems with spatial inhomogene-
ity and Neumann boundary conditions. We first discuss in detail the scalar
periodic reaction]diffusion equations. Then by using comparison and
maximum principle arguments, we get sufficient conditions in terms of the
principal eigenvalue of the periodic]parabolic problem for the n-species
competition reaction]diffusion system to be permanent. We further show
by using the Schauder fixed point theorem that under the same conditions
the system admits at least one positive periodic solution. This further
develops the idea that permanence of the periodic systems implies the
existence of positive periodic solution. Finally, as an application, we discuss
the special case of Lotka]Volterra systems with diffusion and periodic
coefficients.
2. SCALAR PERIODIC REACTION]DIFFUSION
EQUATIONS
Consider the scalar periodic]parabolic equation
­ u
s d t Du q uF t , x , u in 0, ` = V 2.1 .  .  .  .
­ t
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Bu s 0 on 0, ` = ­ V 2.2 .  .
N  .where V is a bounded domain in R with smooth boundary, d t and
 .  . w xF t, x, u are T-periodic in t, and d t ) 0 on 0, T , Bu s u or Bu s
 .­ ur­ ¨ q b x u, where ­r­ ¨ denotes the differentiation in the direction0
 . mr2w x.of the outward normal, and b x G 0. We suppose that d g C 0, T ,0
mr2, m . w x .F ?, ? , u g C 0, T = V uniformly for u in bounded subset of R,
1qmw x­ Fr­ u exists and is continuous on 0, T = V = R, and b g C , m g0
 .0, 1 .
1p .  xLet X s L V , N - p - `, and for b g q Nr2 p, 1 , let X be theb2
 .  w x.fractional power space of X with respect to yDu, B see Henry 8 .
Then X is an ordered Banach space with order cone consisting of theb
nonnegative functions. Moreover, we have
N
1qlX ; C V with continuous inclusion for l g 0, 2b y 1 y .b /p
and
X s W 2, p V ' u g W 2, p V ; Bu s 0 . 4 .  .1 B
Furthermore, for any 0 F a F a F 1,2 1
X : X : X : X with continuous inclusion.1 a a1 2
mr2 m r2, mw x. w x .Suppose that d g C 0, T , m g C 0, T = V . According to
w x9 , there exists the unique principal eigenvalue of the problem
­ u¡
s d t Du q m t , x u q lu in R = V .  .
­ t~ 2.3 .
Bu s 0 on R = ­ V¢u T-periodic in t ;
 .we denoted it by l d, m .1
We first prove the following results on the positive periodic solution of
 .  .2.1 , 2.2 and its global attractivity.
THEOREM 2.1. Assume that
 .  . w x  .1 For any gi¨ en t, x g 0, T = V, F t, x, ? is decreasing, and for at
 . w x  .least one t, x g 0, T = V, F t, x, ? is strictly decreasing;
 .   ..2 l d, F t, x, 0 - 0;1
 .  .3 There exists a positi¨ e supersolution V for the periodic problem 2.1 ,
 .2.2 .
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 .Then there exists a unique positi¨ e T-periodic solution u* t, x , and any
 .  .  .  .  .  .solution u t, x of 2.1 , 2.2 with u 0, ? g X and u 0, x G 0, u 0, x k 0b
w .exists globally on 0, q` and satisfies
5 5lim u t , ? y u* t , ? s 0. .  . b
tª`
Proof. We first prove the uniqueness of positive T-periodic solution of
 .  .  .  .  .2.1 , 2.2 under the condition 1 . Assume 2.1 , 2.2 admit two different
 .  .  .  .positive periodic solutions u t, x and u t, x . Then u 0, x k u 0, x .1 2 1 2
Without loss of generality, we can assume that there exists x* g V such
 .  .  .that u 0, x* - u 0, x* . Therefore there exist t g 0, 1 such that1 2 0
u 0, x y t u 0, x G 0 for all x g V .  .1 0 2
and x g V such that
u 0, x y t u 0, x s 0. .  .1 0 2
As
­ t u .0 2 s d t D t u q t u F t , x , u .  .  .0 2 0 2 2­ t
F d t D t u q t u F t , x , t u , .  .  .  .0 2 0 2 0 2
by the comparison theorem,
u t , x G t u t , x , for all t G 0, x g V . .  .1 0 2
 .   ..By condition 1 , for some t ) 0, x g V, F t , x , u t , x -1 1 1 1 2 1 1
  ..F t , x , t u t , x . Therefore, by a contradiction argument, there must1 1 0 2 1 1
exist t ) 0, x g V such that0 0
u t , x / t u t , x . .  .1 0 0 0 2 0 0
 .  .  .Let U t, x s u t q t , x i s 1, 2 , t G 0, x g V. Then U satisfiesi i 0 i
­U
s d t q t DU q UF t q t , x , U , t ) 0, x g V .  .0 0­ t
­U
s 0, t ) 0, x g ­ V .
­ ¨
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 .  .  .  .  .  .As U 0, x G t U 0, x , U 0, x s u t , x k t u t , x s t U 0, x ,1 0 2 1 1 0 0 2 0 0 2
 .and t U t, x satisfies0 2
­ t U .0 2 s d t q t D t U q t U F t q t , x , U .  .  .0 0 2 0 2 0 2­ t
F d t q t D t U q t U F t q t , x , t U , .  .  .  .0 0 2 0 2 0 0 2
again by the comparison theorem,
U t , x ) t U t , x , t ) 0, x g V , .  .1 0 2
that is,
u t , x ) t u t , x , t ) t , x g V . .  .1 0 2 0
Choose an integer m ) 0 such that mT ) t ) 0, then0
0 - u mT , x y t u mT , x s u 0, x y t u 0, x s 0, .  .  .  .1 0 2 1 0 2
which leads to a contradiction.
 .  .  .Let w t, x ) 0 be the principal eigenfunction of 2.3 with m t, x s1
 .F t, x, 0 . Therefore there exists « ) 0 such that for all 0 - « - « ,0 0
 .   ..   ..  . w xF t, x, 0 y F t, x, «w t, x - yl d, F t, x, 0 , t, x g 0, T = V, and1 1
 .  .hence V s «w is subsolution of 2.1 , 2.2 . By an argument similar to that1
w xof Theorem 28.1 in 9 , the existence and global attractivity of the positive
 .T-periodic solution u* t, x with respect to positive initial conditions
follow.
w xRemark 1. In a way similar to the Proof of Theorem 28.1 in 9 , one can
 .  .  . w xeasily prove that if F t, x, u F F t, x, 0 for all t, x, u g 0, T = V =
w .  .  .  .  .0, q` , F t, x, u - F t, x, 0 for all u g 0, ` , and at least one t, x g
w x   ..  .  .0, T = V and l d, F t, x, 0 G 0, then 2.1 , 2.2 admit no positive1
 .  .  .  .T-periodic solution and any solution u t, x of 2.1 , 2.2 with u 0, ? g Xb
 .and u 0, x G 0 satisfies
5 5lim u t , ? s 0. . b
tª`
 .Now we turn to discuss the permanence problem. Since X ¨ C V , itb
 .  .is obvious that the system 2.1 , 2.2 with Bu s ­ ur­ ¨ is permanent
under the conditions of Theorem 2.1. Furthermore, we can prove the
following more general result on permanence.
THEOREM 2.2. Assume that
 .1 There exists K ) 0 such that0
w xF t , x , u - 0, for all u G K and t , x g 0, T = V ; .  .0
 .   ..2 l d, F t, x, 0 - 0.1
XIAO-QIANG ZHAO368
1 .  .  .Then for any b g q Nr2 p, 1 system 2.1 , 2.2 with Bu s ­ ur­ ¨ is2
permanent in X and admits at least one positi¨ e T-periodic solution.b
 .  .Proof. Let w t, x ) 0 be the principal eigenfunction of 2.3 with1
 .  .m t, x s F t, x, 0 . As in the proof of Theorem 2.1, there exists « ) 00
 .  .such that for all 0 - « - « , «w is a subsolution of 2.1 , 2.2 . By0 1
 .  .  .condition 1 , any constant K G K is a supersolution of 2.1 , 2.2 .0
Therefore, the existence of a positive T-periodic solution follows from
w x w xProposition 21.2 and Lemma 1.1 in 9 . Denote Q s 0, T = V and letT
S s u g C Q ; u t , x is a positive T-periodic solution . .T
­ u
of 2.1 , 2.2 with Bu s . .  . 5­ ¨
 . w xThen S / f. For any u g S, there exists t*, x* g 0, T = V such that
 .  .  .u t*, x* s max u t, x . Therefore ­ u t*, x* r­ t s 0 and t , x .g QT
 .Du t*, x* F 0, and hence
0 s d t* Du t*, x* q u t*, x* ? F t*, x*, u t*, x* . .  .  .  . .
  ..  . 5 5  .Then F t*, x*, u t*, x* G 0, by condition 1 , u s u t*, x* - K .CQ . 0T
 . w xBy Lemma 20.2 ii in 9 , for any 0 - « < 1,
1q u , 1qu .r2 1qu , 1qu .r25 5 5 5u s uC w0, T x=V . C w « , «qT x=V .
F C « , K . .2 0
1qu , 1qu .r2 .Then S is bounded in C Q . SinceT
1qu , 1qu .r2 0, 0C Q ¨ C Q s C Q , .  .  .T T T
 .  .S is precompact in C Q . Now we prove that S is closed in C Q . LetT T
 .  .  .u g S n s 1, 2, . . . , ` be such that u ª u in C Q . Since u t, xn n 0 T n
1w x . satisfies the abstract integral equation in C 0, T , X a g qa 2
..  w x.Nr2 p, b see 9, Chap. III
t
u t s U t , 0 u 0 q U t , t g t , u t dt , .  .  .  .  . .Hn n n
0
where
g t , u t x s u t , x F t , x , u t , x . .  .  .  . .  .n n n
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Let
tUu t s U t , 0 u 0 q U t , t g t , u t dt . .  .  .  .  . .H0 0 0
0
 xThen for all t g 0, T ,
5 U 5 5 5 5 5u t y u t F U t , 0 ? u 0 y u 0 .  .  .  .  .a 0, a 0n 0 n 0
t
5 5 5 5q U t , t ? g t , u t y g t , u t dt . .  .  . .  .H 0, a 0n 0
0
 . w xBy 11.9 in 9 ,
yg
5 5U t , t F C 0, a , g ? t y t , for a - g - 1, t ) t G 0. .  .  .0, a
 x 5  . U  .5  .Therefore for any t g 0, T , u t y u t ª 0 n ª ` , and hence, asan 0
U U . 5  .  .5  .  .X ¨ C V , u t y u t ª 0 n ª ` . Therefore u t, x 'CV .a n 0 0
 .  .  .  .  .u t, x , t, x g Q , and hence u t, x is a periodic solution of 2.1 , 2.20 T 0
 .  .  .with Bu s ­ ur­ ¨ . As u 0, x s lim u 0, x G 0, u t, x G 0,0 nª` n 0
 .  .  .t, x g Q . We claim that u t, x k 0, t, x g Q . Assume that, byT 0 T
 .  .  .contradiction, u t, x ' 0, t, x g Q , then u ª 0 in C Q , and hence0 T n T
lim F t , x , u t , x s F t , x , 0 in C Q . .  . .  .n T
nª`
w x    ...   ..By Lemma 15.7 in 9 , lim l d, F t, x, u t, x s l d, F t, x, 0 - 0,nª` 1 n 1
and hence there exists n ) 0 such that when n G n ,0 0
l d , F t , x , u t , x - 0. . . .1 n
 .On the other hand, u t, x satisfiesn
­ u
s d t Du q uF t , x , u t , x .  . .n­ t
 .and u t , x ) 0 is T-periodic in t. By the definition ofn
   ...    ..l d, F t, x, u t, x , l d, F t, x, u t, x s 0. This leads to a contradic-1 n 1 n
 .  .tion. So by the maximum principle, u t, x ) 0, t, x g Q . Therefore0 T
 .u g S, and hence S s S is compact in C Q .0 T
 .Now we claim that there exists h ) 0 such that for any u g S, u t, x G
 .h, for t, x g Q . Assume that, by contradiction, there exist u g S andT n
 .  .  .t , x g Q n s 1, 2, . . . , ` such that lim u t , x s 0. By then n T nª` n n n
compactness of S and Q , without loss of generality we can assume thatT
 .  .  .  .  .u ª u g S in C Q , t , x ª t , x g Q n ª ` . Then u t , xn 0 T n n 0 0 T 0 0 0
 .  .s 0, which contradicts u t, x ) 0 for t, x g Q .0 T
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 .For any u g X with u x ) 0, x g V, we can choose 0 - « - «0 b 0 0
sufficiently small and K ) K sufficiently large such that0
«w 0, x F u x F K , x g V . .  .1 0
 . .  .  .  . .  .Let w u, t x be the unique solution of 2.1 , 2.2 with w u, 0 x s u x ,
u g X . Then for all t G 0,b
w «w 0, ? , t x F w u , t x F w K , t x . 2.4 .  .  .  .  .  .  . .1 0
For the Poincare mapping M defined by´
M u s w u , T , u g X , .  . b
w xby Proposition 21.2 and Lemma 1.1 in 9 there exist u# and u* g V s
  .  . 4u g X , «w 0, x F u x F K, x g V such thatb 1
M u# s u#, M u* su* .  .
and
lim M n «w 0, ? s u#, lim M n K s u*. .  . .1
nª` nª`
 .  . n .  . Therefore, w u#, t , w u*, t g S. Since M u s w u, nT n s
.   . .  .1, 2, . . . , ` and w w nT , u , t s w u, t q nT for all t G 0 and u g X , itb
is easy to prove that
5 5lim w «w 0, ? , t y w u#, t s 0 .  . . b1
tª`
and
5 5lim w K , t y w u*, t s 0. .  . b
tª`
 .  .  .  .As X ¨ C V , by 2.4 there exists T s T « , K s T u ) 0 suchb 0 0 0 0
that when t G T and for all x g V,0
0 - h y « F w u#, t x y « F w u , t x .  .  .  .1 1 0
F w u*, t x q « F K q « , .  . 1 0 1
where 0 - « - h.1
 .  .For any u g X with u x G 0, u x k 0, x g V, by a maximum0 b 0 0
 . .principle argument, w t, u x ) 0 for all t ) 0 and x g V. By the0
  ..  .conclusion above, there exists T s T w u , T s T u ) 0 such that0 0 0 0 0
when t G T ,0
h y « F w w u , T , t x F K q « , x g V , .  . .1 0 0 1
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  . .  .  .and hence, since w w u , T , t s w u , t q T , when t G T q T u ,0 0 0 0
h y « F w u , t x F K q « , x g V . .  .1 0 0 1
This completes the proof.
3. n-SPECIES PERIODIC COMPETITION
REACTION]DIFFUSION SYSTEMS
Consider the n-species periodic reaction]diffusion systems
­ ui s d t Du q u F t , x , u , . . . , u , t ) 0, x g V 3.1 .  .  .i i i i 1 n­ t
­ ui s 0 t ) 0, x g ­ V , 3.2 .
­n
 .  .   ..where d t and F t, x, u u s u , u , . . . , u are T-periodic ini i 1 2 n
 . w xt, d t ) 0 on 0, T , 1 F i F n. We assume that for each 1 F i F n,i
mr2 m r2, mw x.  . w x .d g C 0, T , F ?, ? , u g C 0, T = V uniformly for u ini i
n  .bounded subsets of R , ­ F r­ u 1 F j F n exists and is continuous oni j
nw x0,T = V = R .
w xFrom any easy extension of some results in III.20 of 9 to the system, it
1 0 .  .follows that for any b g q Nr2 p, 1 , and any u g X 1 F i F n ,i b2
 .  .  .there is a unique regular solution u t, x of 3.1 , 3.2 on the maximali
q . w  0 0 ..  . 0 .  .interval I u s 0, b u , . . . , u with u 0, x s u x 1 F i F n .0 1 m i i
Moreover, if we have an a priori estimate
5 5 ` qu t F r for t g I u , 1 F i F n , .  .Li 0
q . w .then u is a global solution, i.e., I u s 0, q` . Furthermore, by apply-0
ing the parabolic maximum principle to each component of the system, it
 .  .follows that any solution u of 3.1 , 3.2 with nonnegative initial values
remains nonnegative.
In the n-species competition case, we shall always assume that
 .  .C1 For each 1 F i F n, F t, x, u , u , . . . , u is decreasing with re-i 1 2 n
 .  .spect to u 1 F j F n , and F t, x, 0, . . . , 0, u , 0, . . . , 0 is strictly decreas-j i i
 . w xing in u for at least one t, x g 0, T = V.i
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 .  .C2 There exists a positive supersolution V t, x for each periodici
problem
­ ui Us d t Du q u F t , x , u , t ) 0, x g V 3.3 .  .  .i i i i i­ t
­ ui s 0 t ) 0, x g ­ V 3.4 .
­ ¨
U  .  .where F t, x, u s F t, x, 0, . . . , 0, u , 0, . . . , 0 , i s 1, 2, . . . , n.i i i i
q   . 4 qn  q. nLet X s u g X ; u x G 0 , X s X . Now we are in positionb b b b
to prove our principal theorem on permanence and positive periodic
solutions.
 .  .THEOREM 3.1. Assume that C1 and C2 hold, and that
 .C3 for each 1 F i F n,
l d , F t , x , 0, . . . , 0, - 0 . .1 i i
and
l d , F t , x , uU t , x , . . . , uU t , x , 0, uU t , x , . . . , uU t , x - 0, .  .  .  . . .1 i i 1 iy1 iq1 n
U  .  .  .where u t, x is the unique positi¨ e T-periodic solution of 3.3 , 3.4 . Theni
1 qn .  .  .for any b g q Nr2 p, 1 the system 3.1 , 3.2 is permanent in X andb2
 .admits at least one positi¨ e T-periodic solution, i.e., u s u , . . . , u with1 n
w .u ) 0 on 0, q` = V for all 1 F i F n.i
 0 0 . qn q . w  ..Proof. For any u s u , . . . , u g X , let I u s 0, b u be the0 1 n b 0 0
 . .maximal interval of existence of the solution w u , t x s0
  .  ..  .  .  .  .u t, x , . . . , u t, x of 3.1 , 3.2 with w u , 0 s u . Then u t, x G 01 n 0 0 i
 . q .1 F i F n , t g I u , x g V. Since0
­ ui UF d t Du q u F t , x , u , .  .i i i i i­ t
by the comparison theorem
q0 F u t , x F u t , x , t g I u , x g V , 3.5 .  .  .  .i i 0
0 .  .  .  .  .where u t, x is the solution of 3.3 , 3.4 with u 0, x s u x . Byi i i
 .  .Theorem 2.1, there exists r s r u ) 0 such that u t, x F r for all0 i
q .  .t G 0 and x g V. Therefore 0 F u t, x F r for t g I u , x g V, andi 0
q . w .i s 1, 2, . . . , n, and hence I u s 0, q` .0
 0 0 . qn 0 .  .For any u s u , . . . , u g X with u x k 0 1 F i F n we have0 1 n b i
  .  ..  . .shown that u t, x , . . . , u t, x s w u , t x satisfies1 n 0
u t , x ) 0 i s 1, 2, . . . , n , for t ) 0, x g V . .  .i
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 .Therefore, by 3.5 ,
0 - u t , x F u t , x , i s 1, 2, . . . , n , for t , x g 0, q` = V . .  .  .  .  .i i
w x  w x.By Lemma 15.7 of 9 or Lemma 2.3 in 1 , we have
lim l d , F t , x , uU t , x q « , . . . , uU t , x .  .1 i i 1 iy1
«ª0
q« , 0, uU t , x q « , . . . , uU t , x q « .  . . .iq1 n
s l d , F t , x , uU t , x , . . . , uU t , x , 0, uU t , x , . . . , uU t , x . .  .  .  . . .1 i i 1 iy1 iq1 n
 .Therefore, by C3 , we can choose an « ) 0 such that0
l d , F t , x , uU t , x q « , . . . , uU t , x .  .1 i i 1 0 iy1
q« , 0, uU t , x q « , . . . , uU t , x q « - 0. 3.6 .  .  .. .0 iq1 0 n 0
By Theorem 2.1,
U5 5lim u t , ? y u t , ? s 0 3.7 .  .  .bi i
tª`
1ql .and hence, since X ¨ C V ,b
U5 5lim u t , ? y u t , ? s 0. 3.8 .  .  .CV .i i
tª`
 .Therefore there exists T s T « , u ) 0 such that when t G T , for0 0 0 0 0
each i s 1, 2, . . . , n,
U0 - u t , x F u t , x F u t , x q « , x g V . 3.9 .  .  .  .i i i 0
Choose an integer m ) 0 with mT G T and let0
U t , x s u t q mT , x , i s 1, 2, . . . , n , x g V . .  .i i
 .  .  .  .Therefore U t, x i s 1, 2, . . . , n is also a solution of 3.1 , 3.2 andi
satisfies
0 - U t , x F uU t q mT , x q « s uU t , x q « .  .  .i i 0 i 0
i s 1, 2, . . . , n , for all t , x g 0, q` = V . 3.10 . .  .
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 .For all t G 0, x g V, by C1 , we have
­Ui y d t DU s U F t , U , . . . , U .  .i i i i 1 n­ t
G U F t , uU t , x q « , . . . , uU t , x q « , .  .i i 1 0 iy1 0
U , uU t , x q « , . . . , uU t , x q « . .  . .i iq1 0 n 0
Again by the comparison theorem,
U t , x G u t , x 1 F i F n , t G 0, x g V 3.11 .  .  .  .i i
 .where u t, x is the solution ofi
­Ui U Us d t DU q U F t , x , u t , x q « , . . . , U , . . . , u t , x q « , .  .  . .i i i i 1 0 i n 0­ t
t ) 0, x g V 3.12 .
­Ui s 0 t ) 0, x g ­ V , 3.13 .
­n
 .  .  .  .with u 0, x s U 0, x s u mT , x ) 0 1 s 1, 2, . . . , n , x g V, andi i i
 .  .  .  .hence u t, x ) 0 for all t G 0, x g V. By C1 and C2 , V t, x is also ai i
 .  .  .supersolution of 3.12 , 3.13 , and hence by 3.6 and Theorem 2.1,
5 5lim u t , ? y u t , ? s 0 3.14 .  .  .bi i#
tª`
and hence
5 5lim u t , ? y u t , ? s 0, 3.15 .  .  .CV .i i#
tª`
 .  .  .where u t, x is the unique positive T-periodic solution of 3.12 , 3.13 .i#
  ..  .Therefore there exists T s T u 0, x s T u ) 0 such that when1 1 1 0
t G T ,1
u t , x y « F U t , x i s 1, 2, . . . , n , x g V , 3.16 .  .  .  .i# 1 i
where
0 - « - min u t , x . .1 i#
w xtg 0, T
xgV
 .  .So by 3.10 and 3.16 , for each i s 1, 2, . . . , n, when t G T s mT q2
T ) 0,1
h F u t , x F M i s 1, 2, . . . , n , x g V , 3.17 .  .  .i i i
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where
h s min u t , x y « , M s max uU t , x q « . .  .i i# 1 i i 0
w x w xtg 0, T tg 0, T
xgV xgV
 .  . qnTherefore system 3.1 , 3.2 is permanent in X .b
 .Now let u t, x be the unique positive T-periodic solution ofi#
­ ui U Us d t Du q u F t , x , u t , x , . . . , u t , x , u , .  .  .i i i i 1 iy1 i­ t
uU t , x , . . . , uU t , x , t ) 0, x g V 3.18 .  .  ..iq1 n
­ ui s 0, t ) 0, x g ­ V ,
­ ¨
3.19 .
 .  .  . U  .which exists by Conditions C1 ] C3 and Theorem 2.1. By C1 , u t, x isi
 .  . U  .a supersolution of 3.18 , 3.19 . Let w t, x ) 0 be the principal eigen-1
 .  .  .function of 2.3 with d t s d t andi
m t , x s F t , x , uU t , x , . . . , uU t , x , 0, uU t , x , . . . , uU t , x . .  .  .  .  . .i 1 iy1 iq1 n
 .  .  .Then for sufficiently small « ) 0, «w t, x is subsolution of 3.18 , 3.191
U .  .  . w xand «w t, x F u t, x , t, x g 0, T = V. Let M be the Poincare´1 i i
 .  .mapping defined by 3.18 , 3.19 . By Proposition 21.2 and Lemma 1.1 in
w x n U  ..  .9 , M u 0, x n s 1, 2, . . . , ` is decreasing and converges to a positivei i
U  .  .fixed point u of M . Therefore u 0, x G u x , x g V. By the uniquenessi i
 .  .of the positive T-periodic solution of 3.18 , 3.19 and hence that of the
U .  .  .positive fixed point of M , u 0, x ' u x , x g V. Then u 0, x Gi i# i
 .u 0, x , x g V. Leti#
UnV s u g X ; u 0, x F u x F u 0, x , x g V , i s 1, 2, . . . , n . .  .  . 5b i# i i
Then V is a non-empty closed convex subset of X n. We define theb
Poincare mapping M by´
M u s w u , T , u g X n .  . b
 .  .  .  .where w u, t is the solution of 3.1 , 3.2 with w u, 0 s u. For any
 .   .  ..  . .u s u , . . . , u g V, let u t, x , . . . , u t, x s w u , t x , then0 01 0 n 1 n 0
 .  . w .  .u t, x G 0, t, x g 0, ` = V, and u t, x satisfiesi i
­ ui UF d t Du q u F t , x , u . .  .i i i i i­ t
XIAO-QIANG ZHAO376
 . U  .As u x F u 0, x , by the comparison theorem,0 i i
0 F u t , x F uU t , x , t G 0, x g V . 3.20 .  .  .i i
 .Therefore u t, x satisfiesi
­ ui U UG d t Du q u F t , x , u t , x , . . . , u t , x , .  .  .i i i i i iy1­ t
u , uU t , x , . . . , uU t , x . .  . .i iq1 n
 .  .Since u x G u 0, x , again by the comparison theorem,0 i i#
u t , x G u t , x , t G 0, x g V . 3.21 .  .  .i i#
 .  .Therefore, by 3.20 and 3.21 ,
u 0, x s u T , x F u T , x F uU T , x s uU 0, x , x g V , .  .  .  .  .i# i# i i i
 .  .  .and hence M u s w u , T g V. Then M V : V. By an argument0 0
 .  . w xsimilar to the proofs ii and iii of Proposition 21.2 in 9 , it follows that
 .  .M: V ª V is continuous and M V is precompact i.e., relatively compact
in X n. By the Schauder fixed point theorem, M has at least one fixedb
 .point u g V. Therefore w u , t is a positive T-periodic solution of system0 0
 .  .3.1 , 3.2 .
This completes the proof.
Remark 2. In a similar way, we can discuss the permanence and
 .positive periodic solutions of system 3.1 with boundary condition
 .Bu s u s 0 or Bu s ­ ur­ ¨ q b x u s 0. In the case Bu s u s 0, one0
should use the modified definition of permanence see the Definition
w x.in 2 .
 . w xRemark 3. Using various estimates for l d, m in II.17 of 9 , one can1
get some concrete sufficient conditions for permanence and the existence
of positive periodic solutions from Theorem 3.1 above.
As an application of Theorem 3.1, we consider the Lotka]Volterra
n-species competition systems with diffusion:
n­ ui s d t Du q u a t , x y c t , x u , .  .  .i i i i i j j /­ t js1
t ) 0, x g V 3.22 .
­ ui s 0, t ) 0, x g V , 3.23 .
­ ¨
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where 1 F i F n, d , a , and c are T-periodic in t, d ) 0, c ) 0, andi i i j i i i
mr2w x w x.c G 0 on 0, T = V. We suppose d g C 0, T , a , c gi j i i i j
mr2, mw x .  . w xC 0, T = V , and m g 0, 1 . By using Example 28.3 in 9 , we have
the following result.
THEOREM 3.2. Assume that for each 1 F i F n,
 .  .  .  .1 H H a t, x dt dx ) 0, or H H a t, x dt dx G 0 and a t, xQ i Q i iT T
depends nontri¨ ially on x;
 .   . n U  ..   .2 H H a t, x y  c u t, x dt dx ) 0, or H H a t, x yQ i j/ i i j j Q iT T
n U  ..  . n U  . c u t, x dt dx G 0 and a t, x y  c u t, x dependsj/ i i j j i j/ i i j j
w x U  .nontri¨ ially on x, where Q s 0, T = V and u t, x is the unique positi¨ eT i
T-periodic solution of the logistic equation
­ ui s d t Du q u a t , x y c t , x u , t ) 0, x g V 3.24 .  .  .  . .i i i i i i i­ t
­ ui s 0, t ) 0, x g V . 3.25 .
­ ¨
1qn .  .  .Then system 3.22 , 3.23 is permanent in X for e¨ery b g q Nr2 p, 1b 2
and admits at least one positi¨ e T-periodic solution.
Remark 4. For 2-species Kolmogrov competition systems with diffusion
 .  .  . w xand spatial homogeneity, i.e., F t, x, u , u s F t, u , u i s 1, 2 , 16i 1 2 i 1 2
 .  .proved the permanence under the corresponding conditions to 1 and 2
above.
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